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Where is the electrostatic self-energy localized in general relativity?
Carlos Barcelo´∗
Instituto de Astrof´ısica de Andaluc´ıa, CSIC, Glorieta de la Astronomı´a, 18008 Granada, Spain
Jose´ Luis Jaramillo†
Max-Planck-Institut fu¨r Gravitationsphysik, Albert Einstein Institut, Am Mu¨hlenberg 1 D-14476 Potsdam Germany
(Dated: 2 December 2011; file new-charged-geometry.tex — version 0.00; LATEX-ed November 9, 2018)
We discuss an alternative way of prescribing the spacetime geometry associated with a non-
radiating distribution of charged matter. It is based on the possibility that the electrostatic self-
energy does not reside on the Coulombian field but in a matter pressure term of electromagnetic
origin localized at the sources. We work out completely the well controlled spherically symmetric
case, questioning the realization of Reissner-Nordstro¨m geometry in nature. Finally, we sketch an
experiment that could distinguish between the standard and the alternative scenario.
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Introduction. A basic tenet of general relativity is that
all forms of energy gravitate and do so in an equivalent
manner. However, the concrete way in which this prin-
ciple is realized depends on the precise spatial localiza-
tion of the considered form of energy. In particular, this
applies to the electrostatic self-energy. In its standard
treatment the electromagnetic self-energies reside in the
field. This naturally promotes in general relativity to
the use of an electromagnetic stress-energy-momentum
tensor built from the electromagnetic strength field as a
source in Einstein equations. In particular, this leads to
a description of the exterior of a spherical distribution of
charged matter in terms of the Reissner-Nordstro¨m ge-
ometry [1]. However, the way in which the electrostatic
self-energy appears in these solutions contrasts with the
uncharged gravitostatic case: whereas in the electromag-
netic case the self-energy is localized in the field, in the
pure gravitational case a natural interpretation is that
it is localized within the gravitating object itself. This
asymmetry leads us to discuss here the possibility ac-
cording to which the electrostatic self-energy is actually
localized in the charged object rather than in the field.
Let us stress that this remark applies only to the electro-
static self-energy and not to the electromagnetic dynami-
cal (radiative) degrees of freedom; in a sense, the effect of
the electrostatic self-energy would be to renormalize the
properties of matter at the source. Ultimately, the actual
location of the self-energy can only be decided by exper-
iment. It is one of the aims of this letter to highlight the
plausibility of addressing this question experimentally.
The mass formula for a dust shell. In general rela-
tivity the external geometry surrounding a spherically-
symmetric distribution of non-charged matter is de-
scribed by the Schwarzschild solution:
ds2 = −F (r)dt2 + F (r)−1dr2 + r2dΩ22 , (1)
with F (r) = (1 − 2M/r). As a simple model for the
matter distribution let us consider a matter shell made
of dust. Using Lanczos-Israel matching conditions [2, 3]
(see also e.g. the treatment of thin shells in [4]) one can
paste an exterior Schwarzschild solution with an internal
Minkowski spacetime through a thin-shell of variable ra-
dius a(τ) (this precise calculation can be found in [2]).
Here τ represents the proper time as measured by an ob-
server attached to the shell. The matching conditions
result in an equation for the energy density in the shell
ρ =
1
4pia
(√
1 + a˙2 −
√
F (a) + a˙2
)
, (2)
plus the conservation equation
d
dτ
(ρa2) = −p d
dτ
(a2) . (3)
Here p represents the tangential pressure inside the shell,
that we set to zero consistently with the dust nature. In
this case we can define a constant mass parameterM0 as
M0 = 4pia
2ρ. Then, isolating M in (2) we obtain
M =
√
1 + a˙2M0 − M
2
0
2a
, (4)
or using instead the derivatives with respect to the time
T associated with internal Minkowski observers,
a′ ≡ da
dT
; a˙ = a′
dT
dτ
= a′
(
1− a′2)−1/2 , (5)
we can express it as
M =
M0√
1− a′2 −
M20
2a
. (6)
This exact general relativity formula has a remarkably
intuitive interpretation: The asymptotic mass (energy) of
the configuration has a positive contribution coming from
the special-relativistic mass of the moving matter (the
2mass of the constituents when infinitely separated and
at rest, together with its kinetic energy which is encoded
in the Lorentz factor) and a negative contribution coming
from the gravitational self-energy of the rest mass.
The mass formula for a charged dust shell. The stan-
dard treatment of the electrostatic self-energy uses the
electromagnetic field Fab and the energy-momentum ten-
sor Tab =
1
4pi
(
FacF
c
b − 14gabFcdF cd
)
. Then, the geome-
try exterior to a spherical distribution of charged-matter
is given by the Reissner-Nordstro¨m line element (1), with
F (r) =
(
1− 2Mr + Q
2
r2
)
where Q is the charge.
Repeating the thin-shell calculation above but for the
charged-dust case, one obtains [6]:
M =
M0√
1− a′2 −
M20
2a
+
Q2
2a
. (7)
The only difference with the non-charged case is the ap-
pearance of an electrostatic self-energy term.
Operational difference between mass and charge. The
central observation here is that whereas the electrostatic
self-energy is localized in the field outside the matter dis-
tribution, the gravitostatic self-energy acts as if it were
located in the shell itself.
This point can be illustrated, for instance, by consid-
ering quasi-local masses in both situations. Although
there does not exist a well-defined local notion of grav-
itational energy, consistent quasi-local notions can still
be introduced when considering additional structures or
certain symmetries [7]. In the spherically symmetric case
here considered, there exists a canonical notion of quasi-
local energy given by the Misner-Sharp mass [7, 8]. The
evaluation of this quasi-local mass for a particular ra-
dius in the Schwarzschild geometry, leads to its constancy
outside the shell: MQL(r) = M . A natural interpreta-
tion is that outside the shell there is no energy content
contributing to the asymptotic mass of the configura-
tion (whereas other quasi-local masses can lead to dif-
ferent interpretations in the pure gravitostatic case, see
the recent discussion in [9], we find that this one offers
the clearest perspective on the gravitostatic-electrostatic
asymmetry). Operationally this quasi-local mass can be
retrieved by measuring geometric quantities, for example,
the convergence effect on light rays at different radii.
The situation concerning the quasi-local mass is com-
pletely different when considering the charged Reissner-
Norsdtro¨m geometry. The quasi-local mass of the exte-
rior geometry is no longer constant. This mass is now
MQL(r) =M − Q
2
2r
, (8)
an increases with r. The behavior of the quasi-local mass
fulfills the idea that the electrostatic self-energy is lo-
calized on the electric field surrounding the charge (the
charged shell, in the studied case) extending up to infin-
ity. Therefore, the external geometry is not empty but
possesses an energy field which contributes to the quasi-
local mass more and more as one encompasses more and
more of the field. This fact also entails that one could
distinguish a charged from a non-charged distribution of
matter by performing exclusively gravitational measure-
ments: their associated geometries are different.
From this perspective, there is an asymmetry in the
treatment of electrostatic and gravitostatic self-energies
in standard Einstein-Maxwell theory. Given the sim-
ilar description of the static gravitational and electric
field distributions from a Newtonian perspective (namely,
through a Coulombian field), this discrepancy in the
standard relativistic treatment is a remarkable feature.
In the next section we will discuss an alternative way of
dealing with charged distributions of matter such that
this asymmetry disappears. Before doing so, let us re-
view the reasons behind the standard assumption that
the electrostatic self-energy resides in the field.
First, it is a standard exercise in electrostatics to prove
that the work one has to do against the electric inter-
action to put a set of point charges together is equiv-
alent to the volume integral of an electric field energy
density. Second, the existence of solutions of Maxwell’s
equations representing electromagnetic waves also offers
evidence in favor of a energy-field point of view. A ra-
diating system loses energy and reciprocally a receptor
heats up by absorbing radiation. This is a strong indi-
cation that electromagnetic waves carry energy. It is an
almost inescapable fact that one has to associate some
energy density to the field of an electromagnetic wave,
given the immense body of experiments we have (let us
just mention that within a theory of action-at-a-distance
the previous assertion might be questioned [11]). In this
letter we assume that this is the case.
However, without resorting to experiments involving
gravity, it is not at all obvious that one has to associate an
energy-density to a non-radiative field configuration. The
formal relation between the work done to set up a static
configuration and the volume integral of its electrostatic-
field energy density could be precisely that, just a formal
relation. More specifically, the electrostatic self-energy
in a region R can be expressed in two equivalent ways
E =
1
8pi
∫
R
|Dφ|2dV = 1
8pi
∫
R
ρcφ dV − 1
8pi
∫
∂R
φE⊥ dS .(9)
The first form of E suggests that the energy density is
localized at the field, whereas the second expression in-
volves (up to a boundary term, Ei = −Diφ) an energy
density localized at matter. When integrating in a vol-
umeR, such a difference in the interpretations of the den-
sity is only formal since they are related by the Poisson
equation, ∆φ = −ρc, upon integration by parts. How-
ever, the situation changes when switching on gravity in
a relativistic setting: Einstein equation is a local equa-
tion in which the sources are precisely energy densities.
Therefore in the passage to general relativity the par-
3ticular chosen form for the electrostatic energy density
directly impacts the gravitational field dynamics. It is
remarkable that, in the standard Einstein-Maxwell treat-
ment, (9) finds a general relativistic analogue in station-
ary situations, but precisely only as long as we consider
regions without matter. More concretely, the mass quan-
tity
M(S) = 1
4pi
∮
S
∇atbdSab+ 1
4pi
∮
S
(Act
cE⊥+Bct
cB⊥) dS(10)
takes the same value on two 2-surfaces S and S ′ as long
as their enclosed volume R does not contain charged
matter (cf. [10] for a related more general discussion).
The first term is the standard Komar mass, absent in
the non-gravitational expression (9), whereas the second
term corresponds (for vanishing magnetic field B⊥ = 0)
to the boundary term in (9), taking into account surface
orientation and field pressure [ta is the timelike Killing
vector associated with stationarity, and Aa, Ba are 4-
vector potentials for Fab and its dual
∗Fab, the latter
defined only in vacuum]. The breakdown of the analogy
when trying to incorporate the matter term in (9) into
the general relativistic expression (10), indeed reflects the
specific choice for the electrostatic energy density in the
standard treatment of Einstein-Maxwell theory, namely
as associated with the field distribution. However, to the
best of our knowledge, there is not experimental evidence
of whether or not the Coulomb field gravitates as if it re-
ally represented a distribution of field energy.
Such an experimental gap, together with the argued
asymmetry in the treatments of electrostatic and gravi-
tostatic self-energies in Einstein-Maxwell theory and the
formal properties of conserved quantities in stationarity,
lead us to propose an alternative way of taking into ac-
count the electrostatic self-energy in general relativity.
Alternative energy-momentum tensor: A pressure of
electromagnetic origin. Motivated by the pure gravita-
tional case in which the gravitostatic self-energy is local-
ized in the shell, the alternative proposal to treat the elec-
trostatic self-energy is the following: To incorporate the
electrostatic self-energy by modifying the matter energy-
momentum tensor through the introduction of a pressure
term of electromagnetic origin.
Applying a thermodynamical argument to the work to
be done against the electrostatic repulsion to vary the
shell radius, dE = −pdA, and then writing
d
(
Q2
2r
)
= −Q
2
2r2
dr = −pd(4pir2) , (11)
we identify the following electromagnetic pressure form
p =
Q2
16pi r3
. (12)
This pressure takes into account the electric repulsion of
the different (equal sign) charges within the shell.
Now, given a shell with an energy density and a pres-
sure of this form one can repeat the analysis involving
Eqs. (2) and (3). This leads to a modification of Eq. (6)
M =
1√
1− a′2MQ −
M2Q
2a
, with MQ =M0 +
Q2
2a
.(13)
This formula has a natural interpretation. The total
asymptotic energy of the configuration, M , has a spe-
cial relativistic contribution γMQ, with γ the Lorentz
factor, plus a negative gravitostatic self-energy contribu-
tion −M2Q/2a. The massMQ is the sum of the rest mass
M0 of the constituents of the shell when completely sep-
arated plus its electrostatic self-energy Q2/2a.
When comparing this mass formula with the stan-
dard relativistic formula (7) based in Einstein-Maxwell
theory, we notice that the new formula has additional
terms taking into account the inclusion of the positive
electrostatic self-energy both into the gravitational self-
interaction part and into the kinematical mass affected
by the Lorentz factor. In a sense, this offers a better
matching with the spirit of the equivalence principle of
general relativity, putting on equal footing all forms of
energy. Note that it is not only the mass formula what
changes in this scenario, but more importantly the very
geometry of spacetime. In this description, the exter-
nal geometry of the charged distribution of matter is
of Schwarzschild type. In particular, this implies that
no pure gravitational experiment could tell between a
charged and a non-charged spherical distribution of mat-
ter. As we mention, this is in contrast with the standard
Reissner-Nordstro¨m scenario.
Some properties of the new proposal. Let us consider
the situation in which the charged dust shell is lowered to
a certain position a0 by using external means (e.g. using
rigid strings attached to the shell through which one can
extract energy from the system or imprint energy on it).
Its total energy when released, that is kept constant by
the free dynamics, would be [cf. Eq. (13) with a′ = 0]
M =
(
M0 +
Q2
2a0
)[
1− 1
2a0
(
M0 +
Q2
2a0
)]
. (14)
This leads to a positive M for all a0 > ae where
ae ≡ 1
4
(
M0 +
√
M20 + 4Q
2
)
. (15)
Notice that the Schwarzschild radius rM ≡ 2M is always
smaller than a0 for all a0 ∈ (ae,∞) except for the special
critical radius a0 = ac
ac ≡ 1
2
(
M0 +
√
M20 + 2Q
2
)
, (16)
for which rM = ac. Thus, except for this critical config-
uration, all the other configurations are consistent with
4the shell matching procedure applied in this paper, which
assumes a timelike trajectory for the shell.
From expression (14) it follows that there exist equilib-
rium configurations where the electric repulsion exactly
compensates the gravitational attraction. This equilib-
rium configurations satisfy dM/da0 = 0. For M0 > 0
this equation has only one physically possible solution
as =
Q2
2(Q2 −M20 )
(
2M0 +
√
M20 + 3Q
2
)
. (17)
In order as to acquire a well defined positive value, it is
necessary that M0 < |Q|. Then, the equilibrium position
as is always larger than the Schwarzschild radius. How-
ever, by calculating d2M/da20 one can check that all these
equilibrium configurations are unstable: if perturbed, ei-
ther they expand towards infinity or they contract to
form a Schwarzschild black hole. Given a particular sit-
uation with M0 < |Q|, the position as separates an ex-
ternal region in which the electric repulsion wins from an
internal region where the gravitational attraction domi-
nates. In the case in which M0 > |Q| there are not equi-
librium configurations, all of them have the tendency to
collapse towards black-hole formation.
We make two observations at this point. First, these
configurations are able to implement Wheeler’s idea of
matter without matter. One could construct solutions
with M0 = 0 but M 6= 0 (in the equilibrium configura-
tion M = 2
√
3|Q|/9). Then, the asymptotic mass is the
resultant of the accumulation only of electrostatic energy.
Secondly, let us define a charge length scale as rQ ≡
2|Q|. In terms of the Reissner-Norsdtro¨m geometry,
the condition rM = rQ marks the so-called extremal
limit. For rM < rQ the black hole limit of the Reissner-
Norsdtro¨m geometries contain naked singularities. In the
present alternative scenario however, the exterior geom-
etry is always of Schwarzschild type so that, indepen-
dently of the values of rM and rQ, the black hole limit
of these solutions never develops naked singularities. For
instance, the previous equilibrium configurations all have
rQ > rM . Moreover, by using external means one could
build configurations with an asymptotic-mass to charge
ratio well beyond the extremal limit without any special
complication. This would be the case if, with the help of
some rigid strings, one lowers the charged dust shell up to
a radial position a0 >∼ ae. For M0 < |Q| it is not difficult
to check that ae < as so that positions a0 close enough
to ae always corresponds to places in which the gravita-
tional attraction wins once the shell is released. There-
fore, once the position a0 >∼ ae is reached, one can leave
the shell free to collapse to form a black hole. This black
hole will have an arbitrarily small mass M for the given
charge. Now, recall that elementary particles are all well
beyond extremality. For instance, an electron has a ratio
rQ/rM ∼ 1021. Therefore, as opposed to the standard
treatment, this framework is capable of accommodating
simple classical models for elementary particles.
Discussion of experimental feasibility. In this letter we
are highlighting that there is no experimental evidence
of the actual realization of Reissner-Nordstro¨m geometry
in nature. In fact, the previous discussion suggests that
it could be the case that the geometry associated with
a spherically symmetric distribution of charged matter
were, after all, Schwarzschild geometry. This would im-
ply that by performing only gravitational experiments
one would not be able to distinguish whether a lump of
matter is charged or not.
However, what could be clearly distinguished by per-
forming a gravitational experiment is, indeed, whether
the electrostatic self-energy associated with the Coulomb
interaction is localized in the field or within the body it-
self. The simplest experiment one can think of would be
to look at whether the Newtonian force between charged
bodies has or has not corrections with respect to the
square law. The idea would be to design an experiment to
look for Newtonian forces at small distances (see e.g. [12])
but now with a charged drive mass.
Let us put some conservative figures based on state
of the art experiments. In the Newtonian limit and at
the particular length scale of the experiment rS , one
would need the (repulsive) gravitational forcemc2r2Q/4r
3
of purely electrostatic origin (derived from the Reissner-
Nordstro¨m potential) to be comparable to the standard
(attractive) Newtonian force −mc2rM/r2. Otherwise the
former would be completely masked by the latter. In such
a case, rQ ∼ √rMrS . Now, typical drive masses in these
experiments are of the order 10−6Kgr (rM ∼ 10−21m)
and 10−3m is already a well-controlled length scale. In
these circumstances one would need rQ ∼ 10−12m or,
what is the same, a charge of the order of
Q ∼ 105 Coulombs . (18)
This is quite a large charge (equivalent to 1024 electrons)
for being accumulated in such a small volume, but it
does not seem utterly impossible for experiments in a
reasonable near future.
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